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A g e n e r a l i z a t i o n  o f  t h e  Lax Wendroff method i s  presented. Th is  genera- 

l i z a t i o n  bears the  same r e l a t i o n s h i p  t o  the  two s tep  Richtmyer method as t h e  

K re i ss -O l ige r  scheme does t o  the  l e a p f r o g  method. 

MacCormack method a r e  considered as w e l l  as ex tens ions  t o  p a r a b o l i c  problems. 

Extens ions t o  two dimensions a re  analyzed and a p r o o f  i s  presented f o r  t h e  

s t a b i l i t y  o f  a Thomnen type a lgor i thm.  

phase e r r o r  i s  cons iderab ly  reduced from t h a t  of second o r d e r  methods and 

i s  s i m i l a r  t o  t h a t  of t h e  K re i ss -O l ige r  method. 

Va r ian ts  based on t h e  

Numerical r e s u l t s  show t h a t  t h e  

Furthermore, t h e  (2,  4 )  

d i s s i p a t i v e  scheme can handle shocks w i t h o u t  t h e  n e c e s s i t y  f o r  an a r t i f i c i a l  

v i s c o s i t y .  
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I. I n t r o d u c t i o n .  

Several au thors  (e.g. Roberts and Weiss [18], Crowley 131, Kre ss and 

O l i g e r  [ 9 ] ,  G e r r i t y ,  McPherson and Polger  [6]) have suggested t h a t  one does 

n o t  always have t o  t r e a t  t h e  space and t ime dimensions i n  an equal manner even 

f o r  hyperbo l i c  problems. 

g rad ien ts  b u t  a slow v a r i a t i o n  i n  t ime. An example of  such behavior  i s  a 

s t i f f  system where t h e  f a s t e s t  sound speeds a re  of marg ina l  s i g n i f i c a n c e .  

Since i t  i s  these sound speeds t h a t  determine t h e  s tep  s i ze ,  t h e  p h y s i c a l l y  

impor tan t  parameters w i l l  n o t  va ry  much over  a few t ime steps.  

of a p p l i c a t i o n  i s  t o  problems where one i s  o n l y  i n t e r e s t e d  i n  t h e  steady 

s t a t e  s o l u t i o n .  

p l i e s  t h e  t ime  by 2d+1 f o r  a 

Th is  i s  reasonable f o r  problems w i t h  l a r g e  s p a t i a l  

Another area 

I n  a d d i t i o n  they  s t r e s s  t h a t  h a l v i n g  t h e  mesh spacing m u l t i -  

d-dimensional problem. 

Most h i g h e r  o rde r  methods a r e  cons t ruc ted  u s i n g  t h e  method of l i n e s .  I n  

t h i s  method one rep lace  s t h e  space d e r i v a t i v e s  by an approx imat ion u s u a l l y  o f  

a t  l e a s t  f o u r t h  o rde r  accuracy. 

t i o n  i s  then so lved by a s tandard r o u t i n e .  

a r e  rep laced by  a l eap  f r o g  approx imat ion (see, however, Gazdag [ 5 ]  and 

Wahlbin [23 ] )  which leads t o  energy conserv ing methods. However, i t  i s  f r e -  

q u e n t l y  d e s i r a b l e  t o  use d i s s i p a t i v e  methods. The major  advantage of d i s s i -  

p a t i v e  schemes i s  t h a t  they  a r e  more robus t  than n o n d i s s i p a t i v e  methods, i . e .  

t hey  a r e  l e s s  s e n s i t i v e  t o  a v a r i e t y  o f  d is tu rbances .  

a r e  l e s s  l i k e l y  t o  s u f f e r  from n o n l i n e a r  i n s t a b i l i t i e s  (see Fornberg [41).  

The spread o f  boundary e r r o r s  i n t o  t h e  i n t e r i o r  i s  more se r ious  f o r  nond iss i -  

p a t i v e  methods e s p e c i a l l y  i n  mu1 t i d imens iona l  problems ( K r e i s s  and O l i g e r  [ l o ] ) .  

It i s  a l s o  imposs ib le  t o  i n t e g r a t e  equat ions w i t h  imbedded shocks un less  the  

approx imat ions c o n t a i n  some a r t i f i c i a l  v i s c o s i t y .  

ges t  adding an a r t i f i c i a l  v i s c o s i t y  term t o  the  l eap  f r o g  t ype  schemes. 

The r e s u l t i n g  d i f f e r e n t i a l  - d i f f e r e n c e  equa- 

Frequent ly  t h e  t ime d e r i v a t i v e s  

The d i s s i p a t i v e  methods 

K re i ss  and 01 i g e r  [ 101 sug- 

Here 



we choose t h e  a l t e r n a t i v e  approach of us ing  a method which i s  i n h e r e n t l y  

d i s s i p a t i v e .  I n  t h e  r e s u l t s  s e c t i o n  we w i l l  compare these two approaches. 

The schemes considered i n  t h i s  paper a r e  two s tep  genera l i za t i ons  o f  t h e  

Lax Wendroff method. 

a r e  considered.  

a r e  minor  m o d i f i c a t i o n s  o f  t h e  s tandard two s tep  methods so t h a t  e x i s t i n g  

codes u s i n g  such methods as m o d i f i e d  Richtmyer, Thommen o r  MacCormack can -be 

improved t o  g i v e  f o u r t h  o r d e r  accuracy i n  space w i t h  a minimum o f  programming. 

We s h a l l  f i r s t  d iscuss  hyperbo l i c  systems and l a t e r  extend t h i s  t o  i n c l u d e  

p a r a b o l i c  terms. 

Both Richtmyer t ype  and MacCormack type  m u l t i s t e p  methods 

These a lgo r i t hms  thus  have t h e  a d d i t i o n a l  advantage t h a t  t hey  

- 2 -  
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11. One d imens iona l -hyperbo l i c  problems 

We cons ider  the  f o l l o w i n g  one dimensional divergence equat ion  

o r  

Ut = fx + s 

ut = Aux + S 

(2.1a) 

( 2 . l b )  

where f and S a re  v e c t o r  f u n c t i o n s  o f  u,x and t and A i s  a m a t r i x  func- 

t i o n  o f  u,x,t. I n  a d d i t i o n  we s h a l l  assume t h a t  A has r e a l  e igenvalues and 

can be u n i f o r m l y  d iagona l ized .  We s h a l l  c o n s t r u c t  a f i n i t e  d i f f e rence  approx i -  

mation o n l y  t o  t h e  d ivergence equat ion ( 2 . l a ) ;  however, t h e  g e n e r a l i z a t i o n  t o  

t h e  q u a s i - l i n e a r  equat ion  ( 2 . l b )  i s  s t r a i g h t f o r w a r d .  

We wish t o  c o n s t r u c t  a f i n i t e  d i f f e r e n c e  approx imat ion t o  ( 2 . l a )  which i s  

f o u r t h  o rde r  i n  space and second o rde r  i n  t ime. Before proceeding we need 

t o  d e f i n e  t h i s  a l i t t l e  more p r e c i s e l y .  K re i ss  and O l i g e r  [ l o ]  d e f i n e  a 

scheme t o  be o f  o rde r  (p,q) i f  t h e  t r u n c a t i o n  e r r o r  has t h e  form 

( A t )  - 0 ( ( A t ) P  +   AX)^) (2 .2 )  

Th is  d e f i n i t i o n  i s  f i n e  f o r  l eap f rog - t ype  methods. 

schemes a l l  combinations o f  t he  form (A t ) '   AX)^ can appear i n  the  t runca-  

However, f o r  more general 

t i o n  e r r o r ,  n o t  j u s t  those t h a t  occur  i n  fo rmula  (2.2). Hence, we s h a l l  gene- 

r a l i z e  the  d e f i n i t i o n  and c a l l  a scheme o f  o rde r  (p,q) i f  t h e  t r u n c a t i o n  e r r o r  

has t h e  form 

E = Ath(At,Ax) 

( 2 . 3 )  
h = 0  A AX)^") whenever A t  =  AX)'''). 

For t h e  spec ia l  case h = +   AX)^ t h i s  d e f i n i t i o n  agrees 

w i t h  t h a t  o f  K re i ss  and O l i g e r .  

- 3 -  



With this definition in mind we consider the following family of schemes 

wn+a = 2(wn +k?) - L(dl +wn 1 j+% 16 j+l j 16 j+2 j-1 

+ ax[(l+$)(f;+l-f;) - ; f;,,-f;-,)I + +j+l aAt +S") j (2.4a) 

n+l = w n + q ( f j + +  1 n+a - fn+p) 
j j J -5 

3-8a n -fn At 
96a j+2 j-2 

W 

) I  + 16a + -(f 

( 2 . 4 b )  

Here, fn = f(wy), X = At/Ax and a,o  are constants. 

by a Taylor Series expansion, that this scheme is second order accurate in 

time and fourth order accurate in space for all 

It i s  readily checked, j 

a, u (afO) for both linear 

and nonlinear equations with sufficiently smooth solutions, 

error is 

That is, the local 

O(A~[(AX)~ + (At)(Ax)* + (At)']). The amplification matrix associated 

with this approximation is 

(2 .5 )  
i XAsi n 2 2  G(6) = I + +(&cos<) - JiX A (l-cos~)(Z+o-ocosS) 

We note that G i s  independent of a.  However, for nonlinear problems a 

can affect the solution (see McGuire and Morris [14]). 

Since we have assumed that the matrix A is diagonalizable, the Von-Neumann 

condition is both necessary and sufficient for stability. It is readily checked 

that if g i s  an eigenvalue o f  G and "all a corresponding eigenvalue of A, 

then 

and so the stability condition is given by 
1+8,+4,2 

O 3 V  v 
O<X<l - -  (l+ax) (Xa)'< - min - -  2 (2.7a) 
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ltrn -ltm) (about (.853, .868))  the  For n o t  i n  the  i n t e r v a l  (- 

s t a b i  1 i t y  c o n d i t i o n  becomes 

3 6 '  

(Aa)*  - < min(u  - 3 1 1  (2.7b) 

For  - t h e  a l l owab le  t ime s tep  i s  m a r g i n a l l y  l e s s  than 

t h a t  g iven  by (2.7b). Thus, a p r a c t i c a l  s u f f i c i e n t  c o n d i t i o n  i s  t h a t  t he  

scheme i s  s t a b l e  i f  

-l+m 
6 

1 
- 3  For example, i f  0 < - t h e  scheme i s  u n c o n d i t i o n a l l y  uns tab le  w h i l e  i f  u = 1 

we r e q u i r e  t h a t  

3 

I A a l  5 &/2 . The l a r g e s t  t ime  s tep  i s  a l lowed when 

2 -l+m i n  which case (Aa) 5 ( - 2 + m ) / 3  o r  lha11.731 . Th is  i s  u =  

ve ry  s l i g h t l y  l a r g e r  than t h a t  a l lowed by t h e  K re i ss -O l ige r  scheme which 

permi ts  IXa17 - .728 . 

The f a m i l y  o f  schemes g iven by (2.4)  i s  o f  t h e  Richtmyer t ype  o f  two 

s tep  methods. 

o f  MacCormack methods [13 ] :  

It i s  a l s o  p o s s i b l e  t o  c o n s t r u c t  a scheme w i t h i n  t h e  s p i r i t  

For l i n e a r  problems w i t h  cons tan t  c o e f f i c i e n t s  t h i s  aga in  ' i s  a 

f o r  a l l  T . I n  f a c t  t h e  a m p l i f i c a t i o n  m a t r i x  i s  aga in  g iven by ( 2 . 5 )  if 

we i d e n t i f y  

(2,4) scheme 

0 = - 4 T ( l - T )  ; T = L ( l + f i )  2 -  (2.9) 



For v a r i a b l e  c o e f f i c i e n t s  t h e  t r u n c a t i o n  e r r o r  has t h e  form 

The scheme g i ven  i n  (2 .8)  has a v a r i a n t  d e f i n e d  by us ing  backward d i f f e r e n c e s  

i n  t h e  f i r s t  s tep  and forward d i f ferences i n  t h e  second step.  The choice o f  

T = -+ a l l o w s  a s t a b i l i t y  c o n d i t i o n  o f  XA - + and i s  a (2,4) scheme. For 

T 9 -4 a l t e r n a t i n g  these two v a r i a n t s  a t  successive t ime l e v e l s  w i l l  cancel  

t h e  2 
( i t )  (Ax) e r r o r  and y i e l d  a (2,4) scheme even f o r  v a r i a b l e  c o e f f i c i e n t s .  

1 For t h e  spec ia l  case T = - -  ( -7 )  t h i s  general  f am i l y  reduces t o  a scheme 6 ' - g  
t h a t  i s  s i m i l a r  t o  t h e  o r i g i n a l  MacCormack scheme. 

t o  

I n  t h i s  case (2.8) reduces 

(2.10) 

Therefore,  i t  would be easy t o  mod i f y  a code u s i n g  t h e  MacCormack scheme t o  

be o f  h ighe r  order .  T h i s  method i s  s t a b l e  when AA 

problems w i t h  second d e r i v a t i v e s  (e .g .  Navier-Stokes)  t h e  e x t r a  mesh p o i n t s  a r e  

needed anyway and no new comp l i ca t i ons  a r i s e  (see s e c t i o n  3) .  

i. Furthermore , f o r  

The MacCormack-like method, (2.10),  has t h e  advantage t h a t  fewer a r i t h -  

me t i c  ope ra t i ons  a r e  r e q u i r e d  than f o r  t h e  g e n e r a l i z a t i o n  o f  t h e  Richtmyer 

method (2 .4 ) .  Al though t h e  l eap  f r o g  and K r e i s s - O l i g e r  methods r e q u i r e  t h e  

l e a s t  amount of computations, t h e  a d d i t i o n  o f  an a r t i f i c i a l  v i s c o s i t y  reduces 

t h e  apparent speed advantages. I n  t h e  i n t r o d u c t i o n  we have d iscussed some 

o f  t h e  advantages of schemes t h a t  a r e  i n h e r e n t l y  d i s s i p a t i v e .  L e r a t  and 

-6- 



Peyret  [12]  have shown t h a t  t h e  pos t  shock o s c i l l a t i o n s  can be reduced by 

choosing the  proper  v a r i a n t  o f  t h e  MacCormack scheme. 

t h e  approp r ia te  v a r i a n t  o f  t h e  MacCormack-like (2,4) method would have 

s i m i l a r  p r o p e r t i e s .  

One would expect t h a t  

Since bo th  (2.4) and (2.8)  have t h e  same a m p l i f i c a t i o n  m a t r i x  we can 

d iscuss bo th  schemes ( a t  l e a s t  f o r  l i n e a r  problems), s imul taneously .  We s h a l l  

there fore  r e s t r i c t  d i scuss ion  t o  formula (2.4) w i t h  t h e  a m p l i f i c a t i o n  m a t r i x  

g iven  by (2.5) .  

then g i ven  by ( 2 . 9 ) .  

The correspondence f o r  t h e  MacCormack-like (2,4) scheme i s  

For many problems t h e  p o i n t  o f  importance i s  n o t  t h e  ampl i tude o f  t h e  

waves b u t  t h e i r  v e l o c i t y .  

t h a t  occur by r e p l a c i n g  t h e  d i f f e r e n t i a l  equat ion  by a d i f f e r e n c e  equat ion.  

I n  f a c t  t h i s  w i l l  be t h e  major  advantage o f  h ighe r  o rde r  accura te  ( i n  space) 

schemes. 

approx imate ly  t h e  same as f o r  t h e  Richtmyer (2,2) method. 

e r r o r  o f  t h e  (2,4) method can be much sma l le r  f o r  s u f f i c i e n t l y  small  t ime  steps 

Since t h e  m a t r i x  A i s  d iagona l i zab le  we can t rans fo rm (2 .1 )  t o  a system 

o f  uncoupled equat ions (assuming S=O). 

Hence, i t  i s  impor tan t  t o  analyze t h e  phase e r r o r s  

Equat ion (2.6) shows t h a t  t h e  d i s s i p a t i o n  o f  t h e  (2,4) method i s  

However, t he  phase 

Hence, we s h a l l  r e s t r i c t  our  a t t e n -  

t i o n  t o  a s i n g l e  s c a l a r  equat ion ut + aux = 0 . 

I n  any d i s c r e t i z a t i o n  procedure we a re  ab le  t o  approximate w e l l  o n l y  t h e  

l o n g  waves. Thus, t h e  phase e r r o r  o f  t h e  h igher  frequency components i s  o f  

l i t t l e  s i g n i f i c a n c e ,  and our  main i n t e r e s t  i s  f o r  5 s u f f i c i e n t l y  smal l .  We 

s h a l l  t h e r e f o r e  conten t  ourse lves  w i t h  a Tay lo r  Ser ies  expansion o f  t h e  phase 

e r r o r .  We d e f i n e  t h e  r e l a t i v e  phase e r r o r  as  

where P i s  t h e  phase of t h e  approx imat ion and PA i s  t he  phase o f  t h e  s o l u t i o n  

- 7 -  



t o  t h e  d i f f e r e n t i a l  equat ion.  S t r a i g h t f o r w a r d  a l g e b r a i c  manipulat ions y i e l d  

t h a t  t h e  r e l a t i v e  phase e r r o r  o f  t h e  (2,4) method i s  g iven by 

E1 = $‘a2C2 - - [ 4 - 1 5 ( ~ r - i ) h ~ a ~ + 6 X  1 4 4  a 15 4 + 0(c6)  P 120 (2.12) 

I n  o rde r  t o  s tudy t h e  e f f e c t i v e n e s s  of t h e  scheme we s h a l l  compare t h i s  w i t h  

t h e  phase e r r o r  f o r  o t h e r  methods. 

i s  

The phase e r r o r  o f  

2 1 2 2 2  1 2 4 4  Ep = - F ( ~ - X  a )C + - 120 (1+5X -6X ) c  + O ( c 6 )  

The phase e r r o r  o f  t h e  l eap  f r o g  scheme i s  

t h e  Lax-Wendroff method 

1 2 2 2  1 2 2  4 4  4 6 E3 = - g(1-A a ) c  + - (1-1OX a +9X a ) G  + 0 (5  ) P 120 

w h i l e  t h a t  f o r  t h e  K r e i s s - O l i g e r  method i s  

4 1 2 2 2  1 4 4  4 6 
Ep 

= FA a 5 - - (4-9A a )<  + O ( 5  ) 120 

(2.13) 

(2.14) 

(2.15) 

Comparing these methods we see t h a t  t h e  l e a d i n g  terms o f  t h e  (2,2) schemes 

a r e  t h e  same as a r e  those o f  t h e  (2,4) methods, b u t  t h e r e  a r e  d i f f e r e n c e s  

between t h e  two groups. The (2,2) schemes have a l a g g i n g  phase ( E  co)  

t h e  (2,4) schemes have a l e a d i n g  phase. O f  g r e a t e r  importance i s  t h a t  t h e  

w h i l e  
P 

c o e f f i c i e n t  o f  c2 i s  m u l t i p l i e d  by A2a2 f o r  t h e  (2,4) methods. Since we 

assume t h a t  Xa i s  smal l  t h i s  term i s  n e g l i g i b l e .  S p e c i f i c a l l y ,  we have 
2 2 4 

assumed t h a t  A t  = O((Ax) ) = O ( 5  ) and so X2a2$ i s  t h e  same o rde r  as 5 . 
Thus, t h e  phase e r r o r  o f  a (2,4) method i s  o f  f o u r t h  o rde r  f o r  s u f f i c i e n t l y  

smal l  b t / A x .  It should be noted t h a t  us ing  leap f r o g  i n  t i m e  and i n f i n i t e  

o r d e r  i n  space g i ves  a l e a d i n g  phase e r r o r  term which i s  i d e n t i c a l  t o  t h a t  of 

t h e  (2,4) methods. Hence, i n  c a l c u l a t i n g  phase e r r o r s  o f  d i f f e r e n c e  schemes, 

i t  i s  impor tan t  t o  cons ide r  the  t i m e  d i s c r e t i z a t i o n s  as w e l l  as t h e  space 

d i f f e r e n c i n g .  

-8- 



We conclude t h i s  s e c t i o n  w i t h  a d i scuss ion  of how t o  choose t h e  f r e e  para- 

meters a , 0 ( T  i n  (2 .8) )  . 
mined by what one i s  t r y i n g  t o  op t im ize .  Choosing a = 3/8 i n  (2.4) w i l l  

min imize t h e  computer t ime  w i t h o u t  a f f e c t i n g  l i n e a r  s t a b i l i t y  and so was 

used f o r  a l l  t h e  t e s t s  i n  t h e  r e s u l t  sec t i on .  The cho ice  of 0 does n o t  

It i s  obvious t h a t  t h i s  cho ice  w i l l  be de te r -  

1 a f f e c t  t h e  t i m i n g  f o r  t h e  R ich tmyer - l i ke  methods. However, choosing -r = - 

does reduce t h e  r e q u i r e d  computer t ime  f o r  t h e  MacCormack-like scheme. 

importance o f  these t i m i n g  reduc t i ons  w i l l  depend on t h e  comp lex i t y  o f  t h e  

The 

f l u x  and source terms. 

An a l t e r n a t i v e  approach i s  t o  choose t h e  f r e e  parameter 

some c h a r a c t e r i s t i c  of t h e  scheme. For example we may wish 

as t o  a l l o w  t h e  l a r g e s t  p o s s i b l e  t i m e  steps c o n s i s t e n t  w i t h  

have a l ready  seen t h a t  i f  o = (-1+m)/3 then t h e  Courant 

i m a t e l y  .731. For .83 - -  < o < 1 t h e  Courant number i s  s t i l  

many a p p l i c a t i o n s  we wish t o  min imize t h e  amount o f  d i s s i p a  

o t o  o p t i m i z e  

t o  choose o so 

s t a b i l i t y .  We 

number i s  approx- 

above .7. For 

i o n  w i t h i n  t h e  

scheme. By l o o k i n g  a t  (2.6) f o r  smal l  5 we see t h a t  t h e  d i s s i p a t i o n  i s  

reduced by choosing (Aa) near o - - As l o n g  as u < (1+/€7)/6 we can choose 

(Aa)' as c l o s e  as we wish t o  o - 3 w i t h o u t  l o s i n g  s t a b i l i t y .  O f  course 

t h i s  a p p l i e s  o n l y  t o  s c a l a r  problems, w h i l e  f o r  v e c t o r  equat ions the  number 

"a" 

t r a v e l i n g  a t  t h i s  speed w i l l  be o n l y  s l i g h t l y  d i s s i p a t e d  w h i l e  o t h e r s  w i l l  

be damped more sharp ly .  

2 1 
3 .  

would be rep laced by t h e  sound speed o f  most importance. Then waves 

Hence, if one wishes t o  increase t h e  a l l o w a b l e  t i m e  

.83 and then  steps w h i l e  l i m i t i n g  t h e  d i s s i p a t i o n  one would choose 0 about 

choose the  t ime s tep  c l o s e  t o  t h e  a l l o w a b l e  l i m i t .  

I n  many cases smal l  d i s s i p a t i o n  does n o t  imp ly  an increase 

For example, t h e  leap f r o g  and Lax-Wendroff schemes d i s p l a y  sim 

though t h e i r  d i s s i p a t i v e  p r o p e r t i e s  a r e  q u i t e  d i f f e r e n t .  Thus, 

stances we wish t o  decrease t h e  phase e r r o r  r a t h e r  than  decrease 

-9- 

n accuracy. 

a r  L2 e r r o r s  

n many i n -  

t h e  d i s s i p a t i o n .  



As a l ready  discussed, (2.12) i m p l i e s  t h a t  t he  r e l a t i v e  phase e r r o r  decreases 

as one decreases the  t ime  s tep .  Hence, i n  t h i s  ins tance we a r e  no longer  

i n t e r e s t e d  i n  choosing u so as t o  inc rease the  a l l owab le  t ime step.  Ins tead 

we choose 0 t o  min imize d i s s i p a t i o n  a s  w e l l  a s  phase e r r o r s .  Thus, we 

choose Xa near the  s tab  l i t y  l i m i t  w i t h  Aa smal l .  I n  t r i a l  experiments, 

a Courant number of Xa = .25 y i e l d s  reasonable r e s u l t s  f o r  one dimensional 

problems (see O l i g e r  [161 and Abarbanel , G o t t l i e b  and Turke l  [l]). 

p a r t i c u l a r  case a cho ice  of 0 = .4 would be approp r ia te .  The graphs d iscussed 

i n  t h e  r e s u l t  s e c t i o n  conf i rm t h i s  p r e d i c t i o n .  

g iven  by (2.4) o r  (2.8) has t h e  p r o p e r t y  t h a t  va r ious  fea tu res  can be o p t i -  

mized by j u s t  choosing t h e  a p p r o p r i a t e  cho ice  f o r  t he  f r e e  parameter. 

t h e r e  i s  more d i s c r e t i o n  l e f t  t o  t h e  user  i n  adapt ing  t h e  scheme t o  h i s  par -  

t i c u l a r  problem. 

I n  t h i s  

Thus, t h e  f a m i l y  o f  schemes 

Hence, 

Equat ion (2.6)  i m p l i e s  t h a t  t h e  (2,4) scheme i s  f o u r t h  o rde r  d i s s i p a t i v e  

i n  t h e  sense o f  K re i ss .  

Richtmyer method. Choosing 0 and XA a p p r o p r i a t e l y  can reduce t h e  coef -  

f i c i e n t  o f  d i s s i p a t i o n  b u t  n o t  t h e  o rde r .  

t h e  d i s s i p a t i o n  s u f f i c i e n t l y  f o r  many problems. 

i s  t o  a l t e r n a t e  t h e  d i s s i p a t i v e  (2,4) method w i t h  t h e  K re i ss -O l ige r  scheme. 

Th is  composite scheme i s  now a t h r e e  s tep  method o f  which t h e  f i r s t  two s teps  

a r e  g iven by (2.4a, 2.4b) and the  t h i r d  s tep i s  

T h i s  i s  t h e  same o rde r  o f  d i s s i p a t i o n  as i n  t h e  ( 2 . 2 )  

Thus, i t  i s  n o t  p o s s i b l e  t o  reduce 

A s o l u t i o n  t o  t h i s  d i f f i c u l t y  

( 2 . 4 ~ )  

I t  i s  r e a d i l y  c a l c u l a t e d  t h a t  t h e  e igenvalues of t h e  a m p l i f i c a t i o n  m a t r i x  a r e  

such t h a t  

-10- 



Thus, t h e  scheme i s  now s i x t h  o rde r  d i s s i p a t i v e  f o r  l ong  wave lengths w h i l e  

1gI2 = 1 f o r  5 = IT . 
s t a b i l i t y  c r i t e r i a  

( 2 . 4 ~ )  does n o t  i n v o l v e  many a r i t h m e t i c  ope ra t i ons  t h e  composite t h r e e  s tep  

method w i l l  a l s o  be more e f f i c i e n t .  

a r e  descr ibed i n  more d e t a i l  i n  Turke l  [ 22 ] .  R .  Warming ( p r i v a t e  communica- 

t i o n )  showed t h a t  one can a l s o  decrease t h e  d i s s i p a t i o n  by cons ide r ing  t h r e e  

s tep  (2,4) methods. One can a l s o  consider  t h r e e  s tep  t h i r d  o r d e r  methods i n  

o rde r  t o  reduce t h e  d i s s i p a t i o n .  

It i s  obvious by comparing (2.6) w i t h  (2.16) t h a t  t h e  

f o r  t h e  two and t h r e e  s tep  methods a r e  i d e n t i c a l .  Since 

Such methods f o r  second o rde r  methods 

-11- 



111. Parabo l ic  equat ions 

I n  f l u i d  dynamic problems one i s  f r e q u e n t l y  i n t e r e s t e d  i n  extending the  

prev ious  r e s u l t s  t o  equat ions t h a t  i n c l u d e  a small  v iscous term. 

Reynolds numbers t h e  r e s t r i c t i o n  imposed by t h e  p a r a b o l i c  s t a b i l i t y  c o n d i t i o n  

i s  comparable w i t h  t h e  Courant c o n d i t i o n .  

more n a t u r a l  f o r  p a r a b o l i c  equat ions than f o r  hyperbo l i c  equat ions.  

A t  h i g h  

Furthermore, (2,4) schemes a r e  

A second o r d e r  i n  t i m e  e x p l i c i t  method f o r  a p a r a b o l i c  equat ion  i n  one space 

dimension 

a t  t h e  prev ious  t ime  s tep .  

schemes r e q u i r e  f i v e  n e t  p o i n t s  i n  each d i r e c t i o n  i n  o rde r  t o  advance t h e  

s o l u t i o n  f o r  t h e  Navier-Stokes equat ions.  

should n o t  r e q u i r e  any more p o i n t s  and so one would inc rease t h e  accuracy of 

t h e  s o l u t i o n  w i t h o u t  comp l i ca t i ng  t h e  problem. 

the  f i r s t  s tep  o f  t h e  R ich tmyer - l i ke  (2,4) method r e q u i r e s  i n f o r m a t i o n  a t  

t he  f o u r  p o i n t s  j-1, j, j + l ,  j +2 .  Since an e v a l u a t i o n  of second d e r i v a t i v e s  

a t  t h e  second s tep  r e q u i r e s  a t  l e a s t  t h r e e  p o i n t s  i t  f o l l o w s  t h a t  t h i s  method 

r e q u i r e s  a t  l e a s t  seven p o i n t s ' i n  o rde r  t o  have second o rde r  accuracy i n  

t ime f o r  t h e  p a r a b o l i c  terms. 

MacCormack-type method g i ven  by (2.8) .  

r e q u i r e s  a numerical domain o f  dependence o f  a t  l e a s t  f i v e  p o i n t s  

Thus, any o f  t h e  v a r i a n t s  o f  t h e  m u l t i s t e p  (2.2) 

I n  p r i n c i p l e  a (2,4) method 

From (2.4a) i t  i s  seen t h a t  

I ns tead  we s h a l l  s tudy g e n e r a l i z a t i o n s  o f  t he  

We cons ider  an equat ion  o f  t h e  form 

u = fx + ( A u ~ ) ~  + S t (3.1) 

The s t r a i g h t f o r w a r d  approach i s  t o  rep lace  f .  by  f .  + A.(w.-w )/Ax i n  the  f i r s t  

( ' I  by f i l )  + A (w.-w step and f j  

r e s u l t s  i n  a t r u n c a t i o n  e r r o r  o f  t h e  o r d e r  A t [ ( A x )  + ( A t ) ( A x ) ] .  Another approach i s  

t o  l e t  

1 J J J j -1 
)/Ax i n  t h e  second s tep  o f  eq. (2.10). Th is  

j J j -1 
4 - 
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At n + l  1 
j = -(w.+w 2 J J  2Ax j -2 W 

At 1 - Z ( T +  6 1 [fj+2-2fj+l+2f j-1 -f j - 2  ] 

+ At [ A ~  (Wj1)-wP ) - A  (w (1 ) - w (  1)) ]  AX)^ J-1 j-1 j-1 j - 2  

At - 2 [Aj+2(wjc2-wj+1) + Aj+l(5~j+2-13~j+l+9~.-~ ) 
12(Ax) J j-1 

+ A j  ( ~ ~ + ~ - 1 3 ~ ~ + ~ + 2 4 ~  J .-13wj - I+~j-2) 

( 3 . 2 )  

At s(l) + -  2 J  

As before T 

of arithmetic operations or to minimize the phase error of the convective 

part of the solution. 

is a free parameter which can be chosen to reduce the number 

The truncation error behaves as 

T = (At)O( (A~)~+(At)(Ax)+(ht)~) 

and for constant coefficients 

T = A t  O( (A)O4+@t) (Ax)2+(At)2) 

The above algorithm has the disadvantage that it is not a true (2,4) 

scheme for nonlinear problems because of the (At)L(Ax) 

error. 

for the convective terms. 

using a splitting technique (see Strang [19], Marchuk [15]). Thus, we label 

the numerical procedure given by (2.4) as We then follow this by using 

term in the truncation 

An alternative approach i s  to use the Richtmyer-type method (2.4) 

The parabolic terms can then be incorporated by 

L. 
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( 3 . 2 )  (with f=O) and label this procedure as M. In general this splitting 

will no longer be second order in time. 

cient procedure is to alternate the order of the operations, i.e. at one time 

step to use ML and at the next time step to use LM. 

not require more operations than the combined algorithm given by ( 3 . 2 ) .  

is now straightforward to show rigorously that the stability condition is given 

by the more stringent of the hyperbolic and parabolic restrictions. 

also be shown that this splitting preserves the (2,4) accuracy of the method 

even for nonlinear problems (see Gottlieb [ 8 ] ) .  That is, even though only 

second order splitting is used this is necessary only to preserve the second 

order accuracy in time. The fourth order accuracy in space is not destroyed 

by any splitting procedure. 

However, it is known that the most effi- 

This procedure does 

It 

It can 

It is now no longer necessary to use the same algorithm for both the 

convective and dissipative terms in (3.1). 

to use implicit methods for the parabolic part of the splitting. 

In many instances it is desirable 

This is 

but the viscosity 

e and 

then 

particularly useful when the convective terms are nonlinear 

terms are linear. Then the implicit parabolic part is easi 

does not affect the stability criteria. The allowable time 

be determined only by the convective terms. 

y invertib 

steps will 
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I V .  Two dimensional  problems 

There a re  two ways t h a t  one can genera 

mul t id imensional  problems. The f i r s t  i s  t o  

i z e  t h e  prev ious resu 

use a s p l i t t i n g  techn 

t s  t o  

que s i m i l a r  

This  w i l l  p reserve t h e  (2,4) accuracy t o  t h a t  descr ibed i n  t h e  l a s t  sec t i on .  

o f  t h e  s o l u t i o n  and can i n c o r p o r a t e  bo th  t h e  h y p e r b o l i c  and p a r a b o l i c  compo- 

nents o f  t h e  equat ion.  Another approach i s  a s t r a i g h t f o r w a r d  g e n e r a l i z a t i o n  

o f  t h e  f i n i t e  d i f f e r e n c e  equat ions.  Here we s h a l l  o n l y  consider  genera l i za -  

t i o n s  o f  t h e  Richtmyer-type scheme (2.4) f o r  h y p e r b o l i c  equat ions.  

The n a t u r a l  extens ion t o  two space dimensions would be a g e n e r a l i z a t i o n  

o f  t h e  B u r s t e i n  schemes [2 ] .  I n  t h i s  method t h e  i n t e r m e d i a t e  r e s u l t s  a r e  
1 1  

c a l c u l a t e d  a t  t i m e  t+aAt and a t  t h e  center, (i?, j7Iy of  t h e  mesh c e l l s .  

We s h a l l  now show t h a t  no such two s tep  scheme i s  p o s s i b l e  which i s  bo th  

(2,4) accurate and a l s o  s t a b l e  f o r  a r b i t r a r y  symnetr ic  h y p e r b o l i c  systems. 

Consider t h e  system 

u = fx + gy = Aux + Bu (4.1) t Y 

I n  o rde r  t o  s i m p l i f y  t h e  n o t a t i o n  we in t roduce  t h e  averaging and d i f f e r e n c i n g  

opera tors 

We then consider  t h e  general  scheme o f  t h e  form 

- 1 5 -  



Def i ne 

M = A s i n p o s T  5 n  + B s i T  r l 5  C O S T  

N = A s i $ c o s 2  I + Bs in3os$- ;  

The a m p l i f i c a t i o n  m a t r i x  f o r  t h e  l i n e a r i z e d  equat ions i s  

25 2n s i n  - + s i n  - 

2 
2l-I ) C O S ~ O S ~  + a [ l+o l (s in  25 T +  s i n  -) 2 2 2 F n  

G(E,n) = I + 2 iM( (1+ 

(4.3) 
- a 2 s i n  25 p i n  2rl 71 1 + 2iMcos&os;[ B3+2B4+B5+B7+y1+y2 

+B ) ( s i n  25 - + s i n  2n -) + B s i n  25 p i n  2rl 21 + 2iN[B2-B4+2B5+B6-y1-y2 
- @2 4 2 2 7 

When A and B a r e  s c a l a r  one can choose 5 and n so t h a t  M = 0 b u t  

N # 0 and so G = I + iqN which i s  n o t  s tab le .  Henceea necessary c o n d i t i o n  

f o r  s t a b i l i t y  i s  t h a t  q ( 5 , q )  van ish  i d e n t i c a l l y  f o r  a l l  5, q .  
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Thus, we r e q u i r e  

For (2, 4 )  accurancy we a l s o  r e q u i r e  

(4.5) 

A s t r a i g h t f o r w a r d  c a l c u l a t i o n  shows t h a t  these equat ions a r e  i n c o n s i s t e n t  

and so no scheme o f  t h e  above type can be bo th  s t a b l e  and (2,4) accurate.  

A s  an a l t e r n a t i v e  we now c o n s t r u c t  a method of t h e  Thommen-type [20] .  

I n  t h i s  method t h e r e  a r e  two in te rmed ia te  l e v e l s :  one f o r  t h e  f flux and 

one f o r  t h e  g f l u x  term. The a m p l i f i c a t i o n  m a t r i x  f o r  t h e  (2 ,2 )  scheme i s  

i d e n t i c a l  w i t h  t h a t  o f  t h e  one s tep  Lax-Wendroff. We t h e r e f o r e  cons ider  

S 2 ) f  1 2  x 1 2 1 2 1  (1)  = Q - - 6  ) w t - 6  (1 -T”16x  - --a 6 + --3 6 
W 8 x  2 x  4 2 y  1 6 3 x  y 

x 1 1 1 2 2  
2 Y Y X  4 4 x  4 5 y  1 6 6 ~ ~  + -6 lJ 1-I (1-a 62 - --a 6* + --cy. 6 6 ) g (4 .6 )  
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t - 6  x (1--a 1 d 2 - L a  5 2 1  +--a 5 2 2  5 ) g  2 y 4 7 x  4 8 y  1 6 9 x y  

This scheme has order o f  accuracy (2,4) for both linear and nonlinear problems 

for all values of the free parameters 

chosen to improve the stability criterion or reduce the phase error, as in 

the one dimensional case. 

ai. Thus, these parameters can be 

The amplification matrix of this scheme is 

2i E E 2 II 2 
G(6,q) = I t FA[Asin cos 7 (4-cos 6) + Bsin cos %(4-cos v ) ]  

- 2X2[A2sin2 $(l+alsin 25 p 2 s i n  217 p 3 s i n  25 p i n  2rl 2) 

(4 .7 )  

+ ( A B t B A ) s i n $ s i ~ o s ~ o s ~ ( l + a 4 s i n  25 pa5sin2pa6sin 25 pin 217 71 

It i s  exceedingly difficult t o  find a stability criteria for general 

matrices A and B as a function of the nine free parameters. We shall 

therefore only obtain an analytic stability condition under the assumption that 

- a2 = a3 = a7 - a9 = 0 

- 2 a4 = a5 - 3 (4.8) 

- a1 - a8 = a ( =  arbitrary) 
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I n  t h i s  case the  a m p l i f i c a t i o n  m a t r i x  can be w r i t t e n  a s  

G([,n) = I + 2 iN - 2(N +cX A +dX B ) 
2 2 2  2 2  

where 

rl q = C O S T  
E p = C O S T  

N = X A p ( l + $ ) 2 ) / l i  + X B q ( l + $ 2 ) d g  

A s u f f i c i e n t  c o n d i t i o n  f o r  s t a b i l i t y  i s  

u (see [ l l ] ) .  L e t  n = lNu l ,  a = l A u [ ,  and b = I B u l .  For symmetric 

I(Gu,u)l  - < 1 f o r  a l l  u n i t  vec to rs  

ma t r i ces  A ,  B we have 

2 2 2  2 2  2 
I(Gu,u)12 = 1 - 4 ( n  +ca +db ) + 4(n  +ca +db2)2 + 4(Nu,u) 

< 1 - 4(n2+ca2+db2) + 4(n2tca2+db2)2 + 4n 2 
- 

Hence, a s u f f i c i e n t  c o n d i t i o n  f o r  s t a b i l i t y  i s  t h a t  
2 2  2 2 2  2 2 2 (n2+ch a +dA b ) - < A (ca +db ) (4.10) 

2 2  2 2 2  2 2 (n2+ch2a2+dh2b2)2 - < 2X2{2[a p (l+p ) (1-p ) ]  + ca 

2 2  2 2  + 2 [b  q ( l + p  ) (1 -q2 )1  + db2) 

S u b s t i t u t i n g  t h i s  back i n t o  (4.10) and us ing  the  d e f i n i t i o n s  o f  c and d 

we f i n d  t h a t  a s u f f i c i e n t  c o n d i t i o n  f o r  s t a b i l i t y  i s  t h a t  

-19- 



1 1 1 We assume that a - > so that a 2  CY.+^) , and 

1 +-(a++ 1 - g p  4 4  - 9  2 p 6 < l t a p  - 2 2  . 
2 

Thus, a sufficient condition is that 

4 4  2 2  4 4  2 2  2 2  1 8 2  4 4  2 2  1 8 2  4 4  8X a (l+ap ) + 8X b (l+aq ) - < A a ( C " - ~ + P  +-gp + X b ( a - 3 + 9  + g  

Taking each part separately a sufficient condition for stability i s  that 

1 8 2  4 4  a--+-p  +$I 8(ha)2 < min 3 9  - 
OlPLl (1 +ap2I2 

(4.11) 

and a similar condition for Ab. 

that the expression on the right hand side of (4.11) is exactly the same as 

appears in the one dimensional case. Hence, a sufficient condition for stabil- 

ity is that Aa and Ab be reduced by a factor of 1/48 from that required 

in the one dimensional case. So from (2.7~) we have that a sufficient condi- 

tion for stability is that 

However, comparing (4.11) with (2.7a) we notice 

(Aa) 2 < 8 m i n  99 (a---) 1 1  
- 3'l+a 

and 

(Ab)' < 99 min (a-- 1 1  .--) - 8  3 ' l+a 

For a more general choice of parameters than that given in (4.8) we use 

numerical methods. Turkel [21] has shown that for the amplification matrix 

(4.12) 
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g iven by ( 4 . 7 )  a s u f f i c i e n t  c o n d i t i o n  f o r  s t a b i l i t y  f o r  r e a l  symmetric 

ma t r i ces  A,B can be ob ta ined by r e p l a c i n g  A and B by sca la rs .  

The ques t ion  o f  s t a b i l i t y  i s  now reduced t o  f i n d i n g  bounds on the  sca la rs  

A , B  so t h a t  IG(6,n)l - < 1. Th is  can be found by runn ing  computer t e s t s  

w i t h  a s e l e c t i o n  o f  sca la rs  A and B and f o r  a s e t  o f  ( , n  between 

-T and T. The r e s u l t s  o f  t h i s  computer r u n  a r e  g i ven  i n  t a b l e  I .  
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V .  Numerical r e s u l t s  

Two model problems were chosen t o  compare severa l  methods. These problems 

c o n t a i n  t h e  main f e a t u r e s  o f  hyperbo l i c  systems: wave propagat ion and shocks. 

The f i r s t  problem i s  a s c a l a r  cons tan t  c o e f f i c i e n t  equat ion 

Ut + ux = 0 o < x < w  -. 

u(x,o) = f ( x )  

w i t h  an i n i t i a l  c o n d i t i o n  

0 

f ( x )  = 1 s i n ( 8 n ( x - l ) )  

0 

The s o l u t i o n  i s  j u s t  a wave moving t o  t h e  r i g h t :  u ( x , t )  = f ( x - t ) .  The 

numerical  domain o f  i n t e g r a t i o n  i s  chosen s u f f i c i e n t l y  l a r g e  so t h a t  t h e  

boundar ies do n o t  i n f l u e n c e  t h e  s o l u t i o n  f o r  0 - -  < t < 10. 

t h e  s o l u t i o n  a t  t = 10 us ing  t h e  two-step Richtmyer method w i t h  Ax = 1/40 

F i g u r e  1 shows 

and At/Ax = -9 .  

w i t h  c1 = 3/8, 0 = 0.4 and At/Ax = .25 .  F igu re  3 shows t h e  s o l u t i o n  g i ven  

by t h e  K r e i s s - O l i g e r  scheme w i t h  Ax = 1/40 and At/Ax = .25. F i n a l l y  i n  

f i g u r e  4 we show t h e  r e s u l t s  ob ta ined  by a l t e r n a t i n g  t h e  (2.4)  method (a = 1.0) 

and t h e  K r e i s s - O l i g e r  scheme as descr ibed i n  s e c t i o n  2. From these graphs we 

see t h a t  t h e  phase e r r o r  o f  t h e  (2.4) d i s s i p a t i v e  scheme i s  cons ide rab ly  b e t -  

t e r  than t h a t  o f  t h e  Richtmyer method and i s  comparable w i t h  K r e l s s - O l i g e r .  

For t h e  s e t  o f  parameters chosen, t h e  scheme (2.4)  possesses much l e s s  d i s -  

s i p a t i o n  than t h e  Richtmyer method. 

O l i g e r  scheme a l s o  g i v e s  good r e s u l t s .  

F i g u r e  2 shows t h e  s o l u t i o n  u s i n g  t h e  (2,4) scheme (2.4) 

The composite d i s s i p a t i v e  (2 .4 )  - K r e i s s -  

-22- 



The second prob 

P t  + (PU), 

em i s  t h a t  o f  a shock wave f o r  t h e  f l u i d  dynam 

= o  

c equat ions 

2 
( P d t  + (pu + P I X  = 0 

w i t h  t h e  i n i t i a l  c o n d i t i o n s  

x>o - x<o - 
p = 2 .5  p = l  

u = .6+6 u = l  

p = 4  p = l  

These c o n d i t i o n s  correspond t o  a r e l a t i  

The r e s u l t s  show t h a t  i t  i s  f e a s i b l e  

,e l  

t o  

s t rong  shock. 

use t h e  d i s s i p a t i v e  (2,4) method 

Choosing t ime  steps near on shocks w i t h o u t  addihg an a r t i f i c i a l  v i s c o s i t y .  

t h e  s t a b i l i t y  l i m i t  produces smal l  overshoots.  This  i s  seen i n  f i g u r e  5 f o r  

t h e  Lax-Wendroff scheme w i t h  a 

w i t h  c1 = 3/8, 0 = 1 and CFL = .7 .  Here CFL i s  de f i ned  as A t / A x ( l u l + c ) .  

CFL = .9 and i n  f i g u r e  6 f o r  t h e  (2,4) method 

o f  t h e  shock ? j o t i c e  t h a t  f o r  t h e  (2,4) scheme t h e  major  overshoot i s  i n  f r o n t  

f o r  bo th  methods. As expected, decreas ing 0 decreases t h e  

d i s s i p a t i o n  o f  t h e  method and so enlarges the  o s c i l l a t i o n s .  For 

problem (5.1) we choose 0 = .4 t o  reduce t h e  d i s s i p a t i o n  w h i l e  

0 = 1 t o  increase t h e  d i s s i p a t i o n .  In more r e a l i s t i c  problems 

t h e  f i r s t  

we now choose 

t may be pos- 

s i b l e  t o  choose o as a f u n c t i o n  of t h e  g rad ien ts  so a s  t o  i nc rease  t h e  d i s -  

s i p a t i o n  o n l y  i n  t h e  neighborhood of t h e  shock. 
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Figures 7 and 8 show t h e  l eap  f r o g  and the  K r e i s s - O l i g e r  schemes respec- 

t i v e l y  u s i n g  an a d d i t i o n a l  v i s c o s i t y  as g iven by K re i ss  and O l i g e r  [ l o ] .  We 

chose a v i s c o s i t y  c o e f f i c i e n t  o f  1.0; choice o f  a sma l le r  v i s c o s i t y  l e d  t o  

l a r g e  pos t  shock o s c i l l a t i o n s .  Th is  l a r g e  v i s c o s i t y  c o e f f i c i e n t  r e q u i r e d  

t h e  use o f  a s m a l l e r  t ime  step, CFL = 0.75, f o r  t h e  l eap  f r o g  method w h i l e  

t h e  K r e i s s - O l i g e r  method was r u n  w i t h  CFL = 0.5. F igu re  9 shows t h e  K r e i s s -  

O l i g e r  method w i t h  a v i s c o s i t y  o f  0.1 and CFL = 0.5 (choice o f  a s m a l l e r  t i m e  

s tep  o n l y  s l i g h t l y  reduced t h e  o s c i l l a t i o n s ) .  The use o f  these parameters i s  

n o t  d e s i r a b l e  f o r  a smooth problem. Reducing t h e  t i m e  s tep  f o r  t h e  l e a p  f r o g  

method increases t h e  phase e r r o r .  A r e d u c t i o n  from CFL = 0.9 t o  CFL = 0.75 

increased t h e  phase e r r o r  by about 30% w h i l e  a f u r t h e r  r e d u c t i o n  t o  CFL = 0.25 

rendered t h e  s o l u t i o n  meaningless. Thus, t h e  s m a l l e r  t i m e  s t e p  r e q u i r e d  by t h e  

v i s c o s i t y  terms i n  t h e  l e a p f r o g  method a f f e c t s  t h e  accuracy f o r  smooth problems 

as w e l l  as i n c r e a s i n g  t h e  runn ing  t ime.  The use o f  such l a r g e  v i s c o s i t y  

c o e f f i c i e n t s  a l s o  causes a l a r g e  energy l o s s  f o r  smooth reg ions .  F i g u r e  10 

shows t h e  t r a v e l i n g  wave problem eq. ( 5 . 1 )  when so lved by t h e  K r e i s s - O l i g e r  

scheme w i t h  a v i s c o s i t y  o f  1.0 and CFL = 0.25. 

f i g u r e  3 which shows t h e  s o l u t i o n  ob ta ined  w i t h  t h e  same scheme b u t  w i t h o u t  any 

v i s c o s i t y .  

f o r  t h e  K r e i s s - O l i g e r  method. 

t a i n s  bo th  smooth and shocked reg ions  i t  w i l l  be d i f f i c u l t  t o  choose a v i s c o s i t y  

c o e f f i c i e n t  f o r  e i t h e r  t h e  l eap  f r o g  o r  K r e i s s - O l i g e r  methods t h a t  w i l l  y i e l d  

acceptable s o l u t i o n s  i n  a l l  r eg ions .  

This  should be compared w i t h  

Any a t tempt  t o  use t i m e  steps near t h e  s t a b i l i t y  l i m i t  i s  d i s a s t r o u s  

From t h e  above we see t h a t  when a problem con- 

A s i m i l a r  phenomena occurs i n  t h e  d i s s i -  

p a t i v e  (2 ,4 )  scheme where t h e  cho ice  of 0 

shocked reg ions .  

i s  d i f f e r e n t  f o r  t h e  smooth and 

The Richtmyer method r e q u i r e d  about 5.9 seconds of  CPU t i m e  t o  achieve 

t h e  s o l u t i o n  f o r  t h e  shock problem shown i n  f i g u r e  5. The leap  f r o g  method 

-24- 
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v i s c o s i t y  r e q u i r e d  3.6 seconds. 

needed about 9.9 seconds w h i l e  t h e  K re i ss -O l ige r  method w i t h  v i s c o s i t y  and 

CFL = 0.50 used 7.6 seconds. A l l  programs were r u n  on a CDC 6600 KRONOS 

system a t  NASA Langley.  

much storage as do t h e  m u l t i s t e p  methods. 

grammed t o  use two s to rage l e v e l s  r a t h e r  than  one, a s u b s t a n t i a l  t ime  savings 

woul d have been r e a l  i zed. 

The (2,4)  d i s s i p a t i v e  scheme w i t h  CFL = 0.7 

The leap  f rog  t ype  programs r e q u i r e  about tw ice  as 

Had t h e  two s tep  methods been pro-  
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V I .  Conclusions 

A two s tep method i s  cons t ruc ted  which i s  f o u r t h  o rde r  i n  space and second 

o rde r  i n  t ime. 

Richtmyer o r  MacCormack t y p e  schemes. 

can be chosen t o  e i t h e r  a l l o w  l a r g e r  t i m e  steps o r  e l s e  change t h e  i n h e r e n t  

d i s s i p a t i o n  o f  t h e  scheme o r  t o  improve t h e  v e l o c i t y  o f  t h e  s o l u t i o n .  It i s  

found t h a t  phase e r r o r  i s  s h a r p l y  reduced by choosing r e l a t i v e l y  smal l  t i m e  

steps, about a q u a r t e r  o f  t h e  Courant c o n d i t i o n ,  r a t h e r  than near t h e  s t a b i l i t y  

l i m i t .  

r e s o l u t i o n  w i t h  l i t t l e  d i s s i p a t i o n .  

0 = 1.0 decreases t h e  o s c i l l a t i o n s .  

The method can be cons t ruc ted  as a g e n e r a l i z a t i o n  o f  e i t h e r  

There i s  a f r e e  parameter, 0 ,  which 

Choosing 0 = 0.4 and a Courant number o f  0.25 g i ves  ve ry  good phase 

For problems w i t h  l a r g e  g r a d i e n t s  choosing 

Comparisons, i n  one dimension, a r e  made w i t h  second o r d e r  methods and w i t h  

t h e  K r e i s s - O l i g e r  method. 

than f o r  ( 2 , 2 )  schemes. 

methods a r e  about t h e  same as f o r  (2,4) methods. 

h i g h  v i s c o s i t i e s  a r e  r e q u i r e d  f o r  t h e  l eap  f r o g  and K r e i s s - O l i g e r  methods t o  

p reven t  v i o l e n t  p o s t  shock o s c i l l a t i o n s .  

s teps f o r  t h e  l eap  f r o g  method. The use o f  t h i s  l a r g e  v i s c o s i t y  f o r  smooth 

problems g i ves  l a r g e  energy losses.  Furthermore, decreas ing t h e  t i m e  steps 

g r e a t l y  i nc rease  t h e  phase e r r o r  f o r  t h e  (2,2) methods w h i l e  decreasing t h e  

phase e r r o r  f o r  t h e  (2,4)  methods. 

c a l c u l a t i o n s  t h a t  c o n t a i n  bo th  smooth and shocked reg ions .  

of t h e  d i s s i p a t i v e  (2 .4 )  scheme i s  be ing  presented by Goldberg [7]. 

The phase e r r o r  f o r  t h e  (2,4) methods i s  much s m a l l e r  

Ana lys i s  i n d i c a t e s  t h a t  t h e  phase e r r o r  f o r  (2,a) 

For a shock problem ve ry  

Th is  r e q u i r e d  t h e  use o f  s m a l l e r  t i m e  

These problems w i l l  c r e a t e  d i f f i c u l t i e s  f o r  

Boundary t rea tmen t  

Since t h e  d i s s i p a t i v e  (2,4) method uses f i v e  p o i n t s  a t  t h e  p rev ious  t ime  

s tep  ( i n  one dimension) i t  i s  p o s s i b l e  t o  g e n e r a l i z e  t h e  MacCormack-type method 

-26- 



to include parabolic terms without increasing the domain o f  dependence. 

is then necessary to alternate the order of the one sided difference steps to 

preserve the fourth order accuracy in space. 

It 

In two space dimensions it i s  shown that one cannot construct a stable 

Burstein type ( 2 , 4 )  method. As an alternative we construct a Thommen type 

scheme. 

parameters while other sets are calculated numerically. 

An analytic stability condition is derived for one set of the free 

Numerical results are presented for one dimensional smooth and shocked 

flows. 
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Table I 

Sufficient stability conditions for eg.(4.6) found by assuming that A 

and B are scalars. 

parameters stability condition 

a1=a8=1 a2=a3=a7=a9=0 a4=a5=5 2 a6=q : A  
I 

I 

I .  - 30- 
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